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Abstract

A classof finite discretedynamicalsystemscalled Sequential Dynamical Systems(SDSs),was
introducedn [BMR99, BR99] asa formal modelfor analyzingsimulationsystemsAn SDSS is atriple
(G, F,n), where(i) G(V, E) is anundirectedgraphwith n nodeswith eachnodehaving astate, (i) 7 =
{f1, f2,- .., fa}, with f; denotingafunctionassociateavith nodev; € V' and(iii) = is a permutatiorof
(or total orderon) thenodesin V. A configurationof anSDSis ann-vector(by, bs, - . ., b,), whereb; is
the valueof the stateof nodev;. A single SDStransitionfrom one configurationto anotheris obtained
by updatingthe statesof the nodesby evaluatingthe function associatedavith eachof themin the order
givenby 7. Here,we addresshe complexity of two basicproblemsandtheir generalizationgor SDSs.

GivenanSDSS anda configurationC, the PREDECESSOR EXISTENCE (or PRE) problemis to deter
minewhetherthereis aconfiguratiorC’ suchthatS hasatransitionfrom ' toC. (If C hasnopredecessor
C is known asagarden of Eden configuration.)Our resultsprovide separationbetweerefficiently solv-
ableandcomputationallyintractableinstancesf the PRE problem. For example,we show thatthe PRE
problemcanbe solved efficiently for SDSswith Booleanstatevalueswhenthe nodefunctionsaresym-
metric and the underlyinggraphis of boundedtreewidth. In contrast,we show that allowing just one
non-symmetriciodefunctionrenderghe problemNP-completesvenwhentheunderlyinggraphis atree
(which hasatreewidth of 1). We alsoshaw thatthe PRE problemis efficiently solvablefor SDSswhose
statevaluesarefrom afield andwhosenodefunctionsarelinear Someof the polynomialalgorithmsalso
extendto the casewherewe wantto find an ancestoiconfigurationthat precedes given configuration
by a logarithmic numberof steps. Our resultsextend someof the earlierresultsby Sutner[Su9§ and
Green[Gr87] on the compleity of the PREDECESSOR EXISTENCE problemfor 1-dimensionakellular
automata.

Giventhe underlyinggraphG(V, E), andtwo configuration€ andC’ of anSDSS, the PERMUTA-
TION EXISTENCE (or PME) problemis to determinewvhetherthereis a permutatiorof nodessuchthatS
hasatransitionfrom C’ to C in onestep.We shaw thatthe PME problemis NP-completeevenwhenthe
functionassociatedavith eachnodeis a simple-thresholdunction. We alsoshav thata generalizedrer
sionof the PME (GEN-PME) problemis NP-completefor SDSswhereeachnodefunctionis NOR andthe
underlyinggraphhasa maximumnodedegreeof 3. Wheneachnodecomputeghe OR functionor when
eachnodecomputeghe AND function, we shaw thatthe GEN-PME problemis solvablein polynomial
time.
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1 Intr oduction and Motivation

We studythe computationatompleity of somebasicproblemsthatarisein the context of a new classof
discretefinite dynamicalsystemscalled Sequential Dynamical Systems(henceforthreferredto asSDSSs),
proposedn [BR99, BMR99]. A formal definition of sucha systemis givenin Section2. SDSsareclosely
relatedto classicalCellularAutomata(CA), awidely studiedclassof dynamicalsystemsn physicsandcom-
plex systems.They arealsocloselyrelatedto a recentlyproposedextensionof CA calledgraph automata
[NR98]. Decidabilityissuedor dynamicalsystemsn generabndCA in particularhave beenwidely studied
in theliterature[Wo86, Gu89. In contrastcomputationatompleity questionsarisingin the studyof CA
andrelateddynamicalsystemdave receved comparatiely lessattention.

In simpleterms,anSDSS = (G, F, w) consistof threecomponentsG(V, E) is anundirectedgraph
with n nodeswith eachnodehaving a state. 7 = {fi, fo, ..., fn}, with f; denotinga function associated
with nodew;. = is a permutationof (or a total orderon) the nodesin V. A configuration of an SDSis an
n-vector(by, bo, ..., by), whereb; is the valueof the stateof nodewv; (1 < i < n). A singleSDStransition
from one configurationto anotheris obtainedby updatingthe stateof eachnodeusingthe corresponding
function. Theseupdatesarecarriedoutin the orderspecifiedoy .

Theresearchieportedchereis apartof aprogrant to provide aformalbasisfor thedesignandanalysisof
large-scalecomputesimulationsespeciallyfor socio-technicasystem¢$BE+01]. Examplef suchsystems
includevariousnationalinfrastructuresncluding transportationpowver andcommunicationlt is difficult to
give a precisedefinition of a computersimulationthatis applicableto the varioussettingswhereit is used.
Neverthelessanimportantaspecbf any computesimulationis thegeneratiorof globaldynamicsuy iterated
compositionof local mappings.Thus,we view simulationsascomprisef a collectionof entitieswith state
values |ocalrules(functions)for statetransitionsaninteractiongraphcapturingthelocal dependengcof an
entity on otherneighboringentitiesandanupdatesequencer schedulesuchthatthe causalityin thesystem
is modeledby the iteratedcompositionof local functions. The informal descriptionof SDS given above
canbeseento capturethesefeatures.For additionalinformationregardinghowv SDSscanbe usedto model
simulationswe referthereaderto [BB+99, BE+01].

Simulation of Mobile/Adhoc Communication Networks: Onemotivation to study SDSis derved from
theirapplicabilityin specifyinglarge scalesimulationof mobilenetworks[BM+00] coinedAdhopNET . For
simplicity of descriptionthe basicframeavork consistsof threeingredients. Transceiers arethe agentsof
thesimulationandcorrespondo thenodesn theinteractiongraph.Thereis adirectededgefrom transcerer
A to transcerer B if andonly if transcerer B is within the effective broadcastangeof transcerer A (i.e.,
B canreceve signalsfrom A within a certainacceptabléevel of signal-to-noiseatio). Thelocal functionat
eachnodecorresponds$o the parametriaepresentatioof the protocolsthatwe useto represeneachagent.
A numberof additionalfeaturescanbe addedto this basicmodelbut we omit themfor reasonsf brevity
andclarity. In this setting,we canshaw thattwo differenthand-of protocolscanbe simulatedoy essentially
changingheorderof updatesin thebasestationinitiated hand-of, thebasestationcontinuallymonitorsthe
strengthof the receved signalandmakesa decisionto initiate a hand-of. Here,we first updatethe mobile
units andthenthe basestations. In the receiverorientedhand-of protocols,a recever initiatesa hand-of
by monitoringthe strengthof the beacon®f the neighboringbasestations.In this casethe mobile unitsare
updatedafterthe basestations’ Again, theimportantpoint to noteis thatsequentiaprocessingf nodesis
morerealisticandusefulfor modelingreal protocolsasopposedo synchronousipdates.

In [BH+01b, BH+01c],we studiedthe compleity of someconfiguratiorreachabilityproblemsor SDSs.
Here,we focuson the complity of two basicproblemsfor SDSsnamelyPREDECESSOR EXISTENCE and

4Seeht t p: / / t sasa. | anl . gov for additionaldetailson this program.
®In thereal systemthereis a sequencef alternatingupdatesut we omit this complicationhere.



PERMUTATION EXISTENCE. We now discusgheseproblemsinformally anddeferthe formal definitionsto
Section2.3. GivenanSDSS = (G, F,n) anda configurationC, the PREDECESSOR EXISTENCE problem
(abbreiatedasPRE) is to determinewhetherthe configurationC hasa predecessothatis, whetherthereis
a configurationC’ suchthatS hasa transitionfrom C’ to C in onestep. Givena partially specifiedSDS S
consistingof the underlyinggraphG(V, E), the setF of functionsassociateavith the nodesandtwo con-
figurationsC andC’, the PERMUTATION EXISTENCE problem(abbreiatedasPME) is to determinevhether
thereis a permutationr of the nodessuchthatunderpermutationr, thereis a transitionfrom €’ to C in one
step. The PRE problemis a classicalproblemstudiedby the dynamicalsystemscommunityin the context
of CA [Su95 Gr87]. The PME problemis importantin the context of SDSssincetwo differentnodepermu-
tationsmay give riseto totally differentbehaiors of the underlyingdynamicalsystem.An investigationof
theseproblemsis helpful in obtaininga betterunderstandingf the dynamicalsystemanodeledby SDSs.
Predecessaxistencequestionis directly relatedto certainlivenesropertiesof certainnetwork protocols
[GC86,Pe97. Ourconclusionis thatthesequestionsare,in generalcomputationallyintractable.However,
we identify anumberof specialclasse®f SDSsfor which the questionsanbeansweredfficiently. Several
of our resultsarealsoapplicableto cellularautomatg CA) andgraphautomatg GA).

Theremainderof the paperis organizedasfollows. In Section2 we provide the necessarylefinitions.
Section3 summarize®ur resultsanddiscusseselatedresultsfrom the literature. Sections4 and5 present
ourresultsfor PREDECESSOR EXISTENCE andPERMUTATION EXISTENCE problemsrespectrely.

2 Definitions and Problem Formulations

2.1 SequentialDynamical Systems

A SequentialDynamical System(SDS)S overagivendomainD of statevaluesis atriple (G, F, 7), whose
componentareasfollows:

1. G(V, E) is afinite undirectedyraphwithout multi-edgesor selfloops. G is referredto asthe under-
lying graph of S. We usen to denote|V'| andm to denote| E|. Thenodesof G arenumberedising
theintegersl, 2, ..., n.

2. Foreachnodei of G, F specifiesalocal transition function, denotedy f;. ThisfunctionmapsD®+!
into D, wherey; is thedegreeof nodei. Letting N (7) denotethe setconsistingof nodes itself andits
neighborseachparametenf f; correspondso a memberof N (i). Throughouthe paperwe assume
thatthelocal transitionfunctionassociatedavith eachnodecanbe evaluatedn polynomialtime.

3. Finally, 7 is a permutationof {1,2,...,n} specifyingthe orderin which nodesupdatetheir states
usingtheir local transitionfunctions. Alternatively, = canbe ervisionedasatotal orderon the setof
nodes.

A configuration C of S canbe interchangeablyegardedas an n-vector (¢, co, . . ., ¢,), Whereeach
¢ €D,1<i<n,orasafunctionC : V. — D. Fromthefirst perspectie, ¢; is the statevalueof nodes in
configurationC, andfrom the secondperspectie, C(7) is the statevalueof nodes in configurationC.

Computationallyeachstepof anSDS(i.e., thetransitionfrom oneconfigurationto another) jnvolvesn
substepswherethenodesareprocesseth thesequentiabrderspecifiedoy permutationr. The“processing”
of anodeconsistsof computingthe valueof the nodes local transitionfunctionandchangingdts stateto the
computedvalue. Thefollowing pseudocodshavs the computationsnvolvedin onetransition.



fori=11t0 n do

(i) Nodew (i) evaluatesf, ;. (This computationusesthe current valuesof the stateof (i) andthoseof
theneighborof 7 (7).) Let z denotethe valuecomputed.

(ii) Noder (i) setsits states ;) to .
end-for

We let F's denotethe global transition function associatedvith S. This function canbe viewed either
asa function thatmapsD” into D" or asa functionthatmapsD" into DY. Fs representshe transitions
betweerconfigurationsandcanthereforebe consideredsdefiningthe dynamicbehaior of SDSS.

Let 7 denotethe designatectonfigurationof S attime 0. Startingwith Z, the configurationof S after
t steps(for ¢ > 0) is denotedby £(S,Z,t). Notethaté(S,Z,0) = Z and{(S,Z,t+ 1) = Fs(4(S,Z,t)).
Consequentlyfor all t > 0, £(S,Z,t) = Fs'(T).

Recallthata configurationC canbe viewed asa functionthatmapsV into D. As a slight extensionof
this view, we useC (W) to denotethe statesof thenodesin W C V. C(W) is calleda subconfiguration of
C.

ThephasespacePs of anSDSS is adirectedgraphdefinedasfollows: Thereis anodein Pg for each
configurationof S. Thereis a directededgefrom a noderepresentingonfigurationC to thatrepresenting
configurationC’ if Fs(C) = C'. In sucha casewe alsosaythat configurationC is a predecessoof con-
figurationC’. SinceSDSsaredeterministic.eachnodein its phasespacenasanoutdeyreeof 1. In general,
the phasespaceP s may have aninfinite numberof nodes.Whenthe domainD) of statevaluesis finite, the
numberof nodesin the phasespaces |D|".

A nodein phasespacemayhave multiple predecessorg.hismeanghatthetime evolutionmapof anSDS
is, in general,not invertible but is contractive The existenceof configurationswvith multiple predecessors
alsoimplies thatcertainconfigurationgnay have no predecessorsA configurationwith no predecessoris
referredto asa garden of Eden configuration.Suchconfigurationscanoccuronly asinitial statesandcan
never be generatediuringthetime evolution of an SDS.

2.2 Variations of the BasicSDSModel

The above definition of an SDSimposesno restrictionson eitherthe domainD of statevaluesor the local
transitionfunctions,exceptthatthe rangesof the local transitionfunctionsmustbe subset®f . SDSsthat
modelsimulationsystemsanbeobtainedoy appropriatelyrestrictingD) and/orthelocaltransitionfunctions.
We usethenotation“(x,y)-SDS” to denotean SDSwhere'x’ specifiegherestrictionon thedomainand'y’
specifiegherestrictiononthelocal transitionfunctions.Somerestrictionsstudiedin this paperarediscussed
below.

ReferenceBBMR99, BMR00,MR99, Re0( studiedSDSswith BooleandomainsandsymmetricBoolean
localtransitionfunctions.(Thedefinitionof symmetricBooleanfunctionsis givenin Section2.4.) We denote
suchanSDShy (BooL, Sym)-SDS. Symmetricfunctionsprovide onepossibleway to model“meanfield
effects” usedin statisticalphysicsandstudiesof otherlarge-scalesystems.A similar assumptiorhasbeen
madein [BPT91]. As will beseenin Section4, symmetryplaysanimportantrole in separatingefficiently
solvable and computationallyintractableversionsof the PME problemfor SDSswhoseunderlyinggraphs
have boundedreewidth.

A restrictedclassof (BooL, Sym)-SDSsis obtainedby requiringthe local transitionfunctionsto be
monotoneaswell. It canbe seenthata Booleanfunctionis symmetricandmonotonef andonly if it is a
k-simplethresholdfunction (definedin Section2.4) for someinteger k > 0. Therefore,over the Boolean
domain,the classof SDSswhereeachnodefunctionis symmetricand monotonecoincideswith the class



of SDSswhereeachnodefunctionis a k-simple-thresholdunction for someinteger & > 0. We denote
this restrictedclassby (BooL, ST)-SDS.A classof symmetricbut not monotoneBooleanfunctionsis that
of k-tally functions(definedin Section2.4) for ary integer & > 0. Theclassof SDSsin which eachnode
computesghe k-tally function for somenonngative integer k& is denotedby (BooL, TALLY)-SDS. SDSs
in which the local transitionfunctionsare not necessarilysymmetricare alsoconsideredn the companion
paperdBH+01a BH+01b,BH+01d.

Someof ourresultsarefor SDSsovertheBooleandomainwherethenodefunctionsarefrom anexplicitly
specifiedsetof Booleanfunctions. For example,wheneachnodefunctionis AND, the correspondinglass
of SDSsis denotedby (BooL, AND)-SDS. If the setof nodefunctionshascardinalitytwo or more,then
standardsetnotationis usedastherestrictionon thelocal transitionfunctionsin thenotationfor suchSDSs.
For example,wheneachnodefunctionis from the set{XoR, XNOR}, the correspondinglassof SDSsis
denotedby (BooL, {XOR, XNOR})-SDS.

We alsoconsiderSDSsover an algebraicfield wherethe nodefunctionsarelinear combinationsof the
inputs. The classof suchSDSsis denotedby (FIELD, LINEAR)-SDS. To specifythe nodefunctionsmore
precisely considereachnodew; of a (FIELD, LINEAR)-SDS,andrecallthat N (i) = {v;, vi,, iy, ---, i, }
denotegthe neighborsof v;, including v; itself. Eachlocal transitionfunction f;, 1 < i < n, hasthe
following form:

fi(si,sil,...sir) = a; + Z Qg5 * Sj. D)

v; EN(4)

Here,o; anda;; (1 < ¢ < nandl < j <r)are(scalar)constantss; is the statevalueof nodev;, and‘+’
(addition)and‘*’ (scalarmultiplication) arethe operatorsof the field. We assumehatthe field operations
canbecarriedout efficiently. Underthis assumptionit is well known (seefor example[Von93) thatsolving
a setlinearequationsover thefield canbe donein polynomialtime. We usethis factin Section4.2. When
the underlyingfield is Booleanwith X0oR denotingadditionand AND denotingscalarmultiplication, each
linearlocal transitionfunctionis eitherX orR or XNOR.

It is alsoof interestto considerdynamicalsystemmodelsobtainedby modifying somecomponent®of
an SDS.Onesuchmodelis a SynchronousDynamical System(SyDS),which is an SDSwithoutthe node
permutation.ln a SyDS,during eachtime step,all the nodessyndironouslycomputeandupdatetheir state
values. Thus, SyDSsare similar to classicalCA with the differencethat the connectiity betweencells
is specifiedby an arbitrary graph. The restrictionson domainandlocal transitionfunctionsfor SDSsare
applicableto SyDSsaswell.

2.3 ProblemsConsidered

In this paper we studytwo basicproblemsand their extensionsthat arisein the context of SDSs. Some
of theseproblemshave beenstudiedin the context of CA. We provide formal definitionsof the two basic
problemsbelaow.

1. GivenanSDSS = (G(V, E),F,n) anda configurationC, the PREDECESSOR EXISTENCE problem
(abbreiatedasPRE) is to determinewhetherthereis a configurationC’ suchthat Fs(C') = C. (Note
thatC hasa predecessaf andonly if C is notagardenof Edenconfiguration.)

2. Givena partially specifiedSDS S consistingof graphG(V, E), the setF of local transitionfunctions
associateavith thenodesof G, aninitial configurationC’ anda final configurationC, the PERMUTA-
TION EXISTENCE problem(abbreriatedasPME) is to determinewhetherthereis a permutationr for
S suchthat Fs(C') = C.



As stated the PRE problemasksfor animmediatepredecessotthatis, whetherthereis a configurationC’
from which a givenconfigurationC canbereachedn onetransition.lIt is possibleto generalizehe problem
to thecasewherewe aregivenanintegert > 1, andthegoalis to determinevhetherthereis a configuration
C' from whichC canbereachedn exactly ¢ transitions.We call thisthe¢-PRe problem.

GivenanSDSS= (G(V, E), F, ), let W = {v;,,...,v;, } beasubsebf nodesin V. Recallthatthe
statesof nodesin W is the subconfiguratior(b;, , b;,, . . ., b;, ). Usingthis notation,we canstatethe SDS
analogsof someproblemsconsidered by Green[Gr87] in the context of infinite CA. Theseproblemscan
be viewed asextensionsf thet-PRE problem.

3. GivenanSDSS = (G(V, E), F, ), asubsebf nodesW, avectorB = (b;,, b;,, ..., b;, ) thatspecifies
statevaluesfor the nodesin W andanintegert > 1, the t-SUBCONFIGURATION PREDECESSOR
EXISTENCE problem(abbreiatedast-SuB-PRE) is to determinewhetherthereare configurationg’
andC suchthat Fs*(C') = C andB is a subconfiguratiomf C.

4. GivenanSDSS = (G(V, E), F,«), asubsebf nodesW, avectorB = (b;,, b;,, ..., b;, ) thatspecifies
statevaluesfor the nodesin W andanintegert > 1, the t-SUBCONFIGURATION RECURRENCE
problem(abbreriatedast-SuB-RECUR) is to determinevhetherthereareconfigurationg’ andC such
that Fis*(C') = C andB is asubconfiguratiomf bothC’ andC; in otherwords,the questionis whether
thesubconfiguratiomepresentetdy B will occuragainafterexactly ¢ time steps.

5. GivenanSDSS = (G(V, E), F,n), anintegert > 1 anda temporalsequencgb,(1), b,(2), ...,
by(t)) of ¢t statevaluesof a given nodew, the --TEMPORAL SEQUENCE PREDECESSOR EXISTENCE
problem(abbreiatedast-TEMP-SEQ-PRE) isto determinavhetherthereis aconfiguratiorC suchthat
Fs/(C)(v) = by(j), 1<j <t.

Anotherway of thinking aboutsubconfigurations to assumehata configuratiorspecifiesuitablestateval-

uesfor somenodesand“don’t-care”valuesfor othernodes.Thecorrespondingubconfigurations obtained
by retainingonly thenon-dont-carevalues.Usingthis idea,it is possibleto formulatea generalizedrersion
of the PME problemasfollows.

6. Given a partially specifiedSDS S consistingof graphG(V, E), the setF of local transitionfunc-
tions associatedvith the nodesof G, aninitial configurationC’ anda final configurationC possibly
containingdont-carevaluesthe GENERALIZED PERMUTATION EXISTENCE problem(abbreiatedas
GEN-PME) is to determinewhetherthereis a permutationr for S suchthat Fis(C') andC agreein all
the component®f C thathave non-dont-carevalues. (In otherwords,C succinctlyspecifiesa setof
configurationsand Fis(C') maybeary oneof theseconfigurations.)

A summaryof our resultsfor theseproblemsis providedin Section3.

2.4 Other Relevant Definitions

Several specialclasseof Booleanfunctionsare consideredn this paper We provide formal definitionsof
theseclassedelow.

Definition 2.1 A symmetric Booleanfunctionis onewhosevaluedoesnot dependonthe orderin which the
input bits are specifiedthatis, thefunctionvaluedepend®nly on howmanyof its inputsare 1.

®The actual definitionsin [Gr87] are slightly different. Sincethe main goal of [Gr87] wasto prove NP-completenessthe
problemswereformulatedwith timet equalto the numberof nodesin the subconfiguration.



Definition 2.2 Thek-smple-threshold (Boolean)functionhasvaluel if at leastk of theinputshavevalue
1; otherwisethevalueof thefunctionis zeo.

Definition 2.3 Thek-tally (Boolean)functionhasvaluel if exactlyk of theinputshavevaluel; otherwise
thevalueof thefunctionis zeo.

It shouldbe notedthat both k-simple-thresholdand &-tally functionsare symmetric. The k-simple-
thresholdfunctionsarealsomonotone.They area specialcaseof thresholdfunctions[Ko70.

In this paper NP-completenesgesultsareestablishedisingreductiondrom variantsof the Satisfiability
(SAT) problem.An instanceof SAT is specifiedoy acollectionX = {z1,z, ..., z,} of n Boolearvariables
andacollectionC = {c1, co, ..., cn } Of m clauseswhereeachclauseis a setof literals. The questionis
whetherthereis anassignmenof Boolearnvaluesto thevariablessothateachclauses satisfiedi.e., contains
atleastonetrueliteral). Thebipartite graph BG associateavith aninstanceof SAT hasonenodefor each
variableand one nodefor eachclause;thereis an edgebetweena variablenodeanda clausenodeif the
variableoccurs(positively or negatively) in the clause.Definitionsof the variousforms of SAT usedin the
paperaregivenbelaov. Eachof thesevariantsis known to be NP-completgf GJ79 DF84].

Definition 2.4 (a) 3SAT istherestrictedversionof SAT in which ead clausecontainsexactlythreeliterals.

(b) 3SAT-20ccuR is therestrictedversion of SAT in which ead clausecontainsexactlythreeliterals and
ead literal occussin at mosttwo clauses.

(c) MONOTONE 3SAT is therestrictedversion of SAT in which ead clausecontainsexactly threepositive
(unngyated)literals or exactlythreenegatedliterals.

(d) In PLANAR POSITIVE EXACTLY 1-IN-3 3SAT (abbreviated as PL-PE3SAT), ead clausecontains
exactly three positiveliterals, the associatedipartite graph is planar and the questionis whether
there is a truth assignmento the variablessud that ead clausecontainsexactly onetrue literal.

Finally, we recallthe conceptof treewidth.

Definition 2.5 [ALS91, Bo8g Let G(V, E) be a graph. A tree-decompositiorof G is a pair ({X; | 7 €
I},T = (I, F)), whee {X; | i € I} isafamilyof subsetof V andT' = (I, F') is an undirectedtreewith
thefollowing properties:

L Ujer Xi=V.
2. Foreveryedge = {v,w} € E, therisasubsetX;,i € I, withv € X; andw € X;.
3. Forall4,j,k € I,if j liesonthepathfrom: to k in T, thenX; N X} C X;.

Thetreewidth of a tree-decompositiot{ X; | 7 € I},T) is max;cr{|X;| — 1}. Thetreewidth of a graphis
the minimumover the treewidthsof all its treedecompositionsA classof graphsis treewidth boundedif
theris a constants sudh that thetreewidth of everygraphin theclassis at mostk.

A numberof graphclassesareknownn to have boundedreevidth. They include k-outerplanamgraphs,
k-bandwidthboundedgraphs(both for constantk), seriesparallelgraphs,Halin graphs,chordalgraphsof
boundedclique size, etc. For mary optimization problemsthat are NP-hard for generalgraphs,optimal
solutionscanbe computedn polynomialtime whenattentionis restrictecto the classof treawidth-bounded
graphs.A considerablemountof work hasbeendonein this area(see[ALS91, Bo8§ andthe references
therein).



3 Summary of Resultsand RelatedWork

3.1 PREDECESSOR EXISTENCE Problem

Sutner[Su9g andGreen[Gr87] consideredhe PRE problemandits generalizationgn the context of CA.
Theirwork motivatedour studythe PRE problemfor SDSs.

We shav that the PRE problemis NP-completefor eachof the following restrictedclassesf SDSs:
(i) (BooL, ST)-SDSswhere eachnode computesthe samek-simple-thresholdunction for ary k& > 2
(i) (BooL, TALLY)-SDSsin which eachnode computesthe samek-tally function for ary & > 1, (iii)
(BooL, {AND, OR})-SDSsand(iv) (BooL, Sym)-SDSswhoseunderlyinggraphsareplanar

We presenpolynomialtime algorithmsfor the PRe problemfor (BooL, AND)-SDSsand(BooL, OR)-
SDSswith norestrictionson the underlyinggraph.We alsopresenpolynomialtime algorithmsfor the PRE
problemfor (BooL, SyM)-SDSswhoseunderlyinggraphshave boundedreeavidth. Thesealgorithmscan
be extendedto solve the t-PRE, t-SUB-PRE, t-SUB-RECUR andt-TEMP-SEQ-PRE problemsin polynomial
time whenwhent is polynomialin |S|. In contrastwe shav thatevenif onenonsymmetridocal transition
function is permitted,the PRE problemis NP-completefor SDSswhosedomainis Booleanand whose
underlyinggraphsaretrees.

In addition,we presenta polynomialtime algorithmfor the PRE problemfor (FIELD, LINEAR)-SDSs.
Further whenthe underlyinggraphis both degreeandbandwidthboundedwe shav thatthe PRE problem
canbe solved efficiently with no restrictionson the nodefunctions(otherthanthatthe function evaluation
canbe doneefficiently). This algorithm canalsobe extendedto solve ¢-PRE, t-SUB-PRE, t-SUB-RECUR
and¢-TEMP-SEQ-PRE problemswheneither(i) ¢ = O(logn) andthe domainof statevaluesis of constant
sizeor (i) whent is a constantandthe domainof statevaluesis boundedby a polynomialin |S|. Many
of thesepolynomialtime algorithmsare obtainedby reducingthe correspondingproblemto a generalized
satisfiabilityproblem[Sc7§ thatcanbesolvedin polynomialtime.

Ourresultsextendthe earlierwork of SutneffSu99 andGreen[Gr87] onthe compleity of the PREDE-
CESSOR EXISTENCE problemfor CA. For instance our polynomialtime solvability resultsfor the classof
SDSswhoseunderlyinggraphsareboth degreeandtreavidth bounded extend Sutners resultsinceCA can
be seento have boundedreawidth (in fact,they areof boundedbandwidth). Secondthe resultsalsoshav
thatGreens NP-completenesgesultsarecloseto beingtight sincethecorrespondingroblemsareefficiently
sohablewhent = O(logn). Finally, our polynomialtime resultscanbe extendedo solve anumberof other
variantswheninstancesarerestrictedto treevidth boundedgraphs. Examplesotherthanthosementioned
above includethe problemof finding a predecessowith maximum(or minimum) numberof statevalues
being1l (or 0), etc.

3.2 The PERMUTATION EXISTENCE Problem

The PME problemis uniqueto SDSssincestateupdatesn CA arecarriedoutin asynchronougashion.As
mentionedn Sectionl, themotivationfor the PME problemcomesrom thefactthatthebehaior of anSDS
undertwo differentpermutationgnaybe very different.

We shaw thatthe PME problemis NP-completesvenfor (BooL, ST)-SDSs.We alsoshaw thatthe GEN-
PME problemis NP-completefor eachof the following restrictedclasse®f SDSs:(i) (BooL, NOR)-SDSs
((BooL, NAND)-SDSs)wherethemaximumnodedegreein theunderlyinggraphis 3 and(ii) (BooL, Sym)-
SDSswhoseunderlyinggraphsareplanar We presenpolynomialtime algorithmsfor the GEN-PME problem
for (BooL, OR)-SDSsand(BooL, AND)-SDSs.We alsopresenpolynomialtime algorithmsfor the PME
problem(withoutdon't carevalues)for (BooL, NOR)-SDSsand(BooL, NAND)-SDSs.Theseresultsshav
aninterestingcontrastbetweerthecomplity of GEN-PME andPME problemdor (BooL, NOR)-SDSsand
(BooL, NAND)-SDSs.



3.3 Applications

Ourlowerbounddor PREDECESSOR EXISTENCEproblemrestrcitedo (BooL, ST)-SDSdirectlyimply anal-
ogouslower boundsfor Hopfield networks with sequentialpdate.To our knowledge,suchresultshave not
beenreportedearlier

Communicating finite State Machines (CFSMs)have beenwidely studiedas modelsof concurrentpro-
cesses.As a result,a numberof modelshave beenproposedn the literature. Sincethesemodelswere
proposedor differentapplicationsthey are not always equivalent. We refer the readerto [BZ83, GC86,
Mi99, Pe97 Ra97 SH+96]for definitions,results applicationsandthe stateof currentresearchn this area.
The basicsetupconsistsof a collection of finite statemachines. Thesemachinescommunicatewith each
othervia explicit channeldBZ83, Pe97,GC86]or via actionsymbols[Ra97, SH+96]. Our resultsapplyto
boththesevariants.To seethis, we notethefollowing:

1. Simple-thresholdcanbe easily representedsfinite statemachinegFSMs) that essentiallyemulate
a counter The FSM correspondindgo eachnodeof an SDS consistsof two parts,namelya control
partanda partsimulatingthe thresholdfunction. (For somemodels,we cansometimesliminatethe
controlpart.)

2. Sequentialpdateof thenodesof an SDScanbe simulatedby usingn distinct(onefor eachmachine)
actionsymbolsthatin effectimply thateachFSMis updatedn theorderdeterminedrom theordering
usedfor the given SDS.Whendealingwith explicit channelsthis canbe doneby initializing all the
FIFO 1/0 channelsand using the control part to make surethat eachmachinecorrespondingo a
thresholdfunction makes a transitiononly after all its inputs have beenreceved. At that point, the
transitionsimply consistof countinghow mary inputsarel andhow mary of themareO. After this,
the machinepoststheresultof evaluatingthe functionon eachof the outputchannels.

Given theseobsenrations, the remainingdetailsare fairly straightforvard. Our resultsshav that the
NP-hardnes®f PREDECESSOR EXISTENCEprodemsfor CFSMsholdsfor extremelysimpleindividual au-
tomata.Specifically the automatausea very simplemodelof concurreng andthe underlyinggraphsareof
boundeddeggree. This pointsout thata boundedamountof concurreng is sufficient to yield computational
intractabilityresultsfor problemsfor CFSMs.

3.4 Previous Work

Computationabspectof CA have beenstudiedby a numberof researcherseefor example[Mo90, M091,
CPY89,Wo086, Gu89 Gr87, Su9g. Much of this work addressedecidabilityof propertiedor infinite CA.
Barrett,Mortveit andReidys|BMR99, BMR00,MR99,Re0Q Re004 andLaubenbachesndPareigis[LPO0Q]
investigatehe mathematicapropertiesof sequentiatlynamicalsystemsThe PRE problemwasshawvn to be
NP-completefor finite CA by Sutner[Su9g andGreen[Gr87]. Sutneralsoshaved that PRE problemfor
finite 1-dimensionalCA with afixed neighborhoodadiuscanbe solvedin polynomialtime. As mentioned
earlier Green[Gr87] studiedgeneralizedrersionsof the PRE problemfor infinite CA. The problemswere
soformulatedthathis resultsarealsoapplicableo finite 1-dimensionaCA. Reference§Su95 Gr87] do not
considerotherrestrictionson CA thatleadto polynomialalgorithmsfor the PRE problem. Our approach
allows us to identify a numberof restrictedclassesof SDSsfor which the PRE problem can be solved
efficiently.



4 The PREDECESSOR EXISTENCE Problem

4.1 NP-CompletenesfResults

Theorem4.1 ThePRrEe problemis NP-completdor thefollowing classef SDSs:
1. (BooL, ST)-SDSswhete each nodecomputeshe samek-simple-theshold-fuction, for ead k& > 2.
2. (BooL, TALLY)-SDSswhere eat nodecomputeshe samek-tally function,for eadh £ > 1.
3. (BooL, {AND, OR})-SDSs.

4. (BooL, SyMm)-SDSsavhoseunderlyinggraphsare planat

Proof: It is obviousthat PRE is in NP. We establisnthe NP-hardnes®f PRE for eachof the abore cases
throughanappropriateeductionfrom arestrictedversionof SAT. In eachcaseweassumehatcorresponding
SAT instancehasn variablesandm clauses.

Part 1: We usea reductionfrom 3SAT and constructan SDS S asfollows. First, the underlyinggraph
G(V, E) hasthe following verticesandedges.V = Vi U Vo, U V3, whereVy = {a1,a9....,a5}, Vo =
{z;,7;,y; | for eachvariablez;} andVs = {¢;,d; | for eachclausec;}. ThesetE hasthefollowing edges.

1. Foreachp,q,1 < p < ¢ < k, theedge{a,, a,}. (Thus,thek nodesn V; formaclique.)
2. Foreachi, 1 < i < n, edges{z;,y; } and{Z;, y; }.

3. Foreachj, 1 < j < m, edge{c;,d;}, andanedgefrom c¢; to the nodesfor eachof thethreeliterals
occurringin clausec;.

4. Foreachp,i,1 <p <k —2andl <i < n,theedge{a,,y;}.

5. Foreachp andi, 1 < p < kandl < i < n, edges{a,, z;} and{a,, z;}.

»

. Foreachp andj, 1 <p <k —1andl < j <m, edges{ay,d;} and{a,,c;}.

Thepermutationr is givenby

T =(A1, Ay YLy e s Yns @1y e e sy Cly e v ey Coyy Ty e e v s Ty Ty e -+ 5 Ipy)-

Therequiredfinal configurationC hasvaluel for eacha,, 0 for eachy;, 0 for eachd;, 1 for eachc;, 1
for eachr;, and1 for eachz;.

Supposehatthereis a configurationC’ suchthatS canreachC in onetransitionfrom C’. Settingthe
initial valueof eacha,, to 1 will ensurehateachC(a,) = 1. Becaus€(y;) = 0, atmostoneof z; andz; has
initial valuel. Becaus€(d;) = 0, theinitial valueof eachc; mustbe0. Becaus&(c;) = 1, theinitial value
for atleastoneof the threeliterals occurringin clausec; mustbe 1. Becauseeachz; andz; is connected
to all the a,’s, eachof which hasa final valueof 1, the requiredfinal valueof 1 for z; andz; imposesno
restrictionon initial values.

Using the above obsenrations,it canbe verified thatthe 3SAT instancehasa solutionif andonly if the
constructedPRE instancehasa solution.

Part 2: The reductionis againfrom 3SAT. The underlyinggraphG(V, E) hasthe following nodesand
edges. V. = Vi UV U V3, whereV; = {a1,a9,...,ax,b}, Vo = {c; | for eachclausec;} and V3 =
{z:, %3, 2i,¥i,1,Vi2, - - - Yix | fOr eachvariablez;}. (Notethat V3 hask + 3 nodesfor eachvariablez;,
1 <1 < n.) TheedgesetE consistof thefollowing.
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1. Foreachp, g suchthatl < p < g < k, theedge{a,, a,}. (Thus,thesek nodesform aclique.)

2. Foreachp, 1 < p < k, theedge{a,, b}.

3. Foreachp,j, 1 <p <k —1andl <j < m,theedge{a,,c;}.

4. Foreachj, 1 < j < m, theedge{b, ¢;}, andanedgefrom c; to thenodesfor eachof thethreeliterals
occurringin clausec;.

5. Foreachi, 1 < i < n, edges{z;, z; } and{z;, z; }.

6. Foreachi andp, 1 <1i <nandl < p < k, theedges{z;, y; ,} and{z;, y; p }.

7. For eachi, p, andg, suchthatl < i < nandl < p < ¢ < k, theedge{y; 5, yi ¢}. (Thus,eachsetof
k nodes{y; 1, ..., v} formsaclique.)

8. Foreachi andp, 1 < i <nandl <p <k — 1, theedge{z;,yip}

Thepermutationr is asfollows.

(alﬂ .. aa'kaba Cly-- s Cmy Y1,1,Y1,25 - - - s YL,k 21, Y2,1,Y2,25 - - -y Y2,k5 225+ - -
Yn,1sUn,2s -+ > Ynks Zns Llsen -3 Tny Tly- v, )

Therequiredfinal stateC hasvalue1 for eacha,, 1 for b, 0 for eachc;, 1 for eachy; ,, 1 for eachz;, O for
eachz;, andO for eachz;.

Supposehatthereis a configurationC’ suchthatS canreachC in onestep. Settingtheinitial value of
eacha, to 1 will ensurethateachC(a,) = 1. Next, considemodeb. Because (b) = 1, andthe k nodesthat
precedé in 7 areall connectedo b andhave final valuesof 1, theinitial valueof b andall the clausenodes
is forcedto be 0. Next, considereachnodec;. Of thenodesthatprecede:; in 7, exactly k areconnectedo
¢, andhave final value 1. Sincetheinitial andthefinal valuesof ¢; areboth 0, theinitial valueof at least
oneof the threeliterals occurringin clausec; mustbe 1. Next, considereachnodey; x, with final value 1.
Becausell thek — 1 nodesy; 1,...,y;,x—1 thatprecedey; ;, in =, have final value 1, andareconnectedo
Yi.k» atmostoneof z; andz; canhave aninitial valueof 1. The purposeof z; is to ensurehatz; andz; will
have final valueO.

Part 3: Thereductionis from MONOTONE 3SAT. TheconstructedyraphG(V, E) hasV = {z1, zo, ..., Zn,
1, €2, - -+ Cm, G, b, d}. Theedgedn E areasfollows.

1. Foreachi, 1 < i < n,theedge{a,z;}.

2. Foreachi,j, 1 <i<n,1<j<m,theedge{z;,c;} wheneertheliteral z; or z; appearsn clause
Cj.

3. Foreachj, 1 < j < m, theedge{b, c;} if ¢; hasall positie literals.
4. Foreachj, 1 < j < m, theedge{d, ¢;} if ¢; hasall negative literals.

The nodefunctionsareasfollows. For a, b, eachnodez; andeachclausec; with only positive literals, the
functionis OR; for d andeachclausec; with only negative literals, the functionis AND. The permutation
7 is (a,b,d,c1,¢9,...,¢m, %1, T2,...,Zy). Therequiredfinal configurationC hasC(a) = 1, C(b) = 0,
C(d) =1, C(c;) = 1if ¢; hasall positive literals,C(c;) = 0 if ¢; hasall negative literalsandC(z;) = 1, for
1<y <n.

We cannow armguethatthe PRE instancehasa solutionif andonly if theinstanceof MONOTONE 3SAT
hasa solution. The reasonis asfollows. Theinitial valueC(b) = 0 forcestheinitial valueof eachclause
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containingonly positive literalsto be 0. Theinitial valueC(d) = 1 forcestheinitial value of eachclause
containingonly negative literalsto be 1. Sinceeachpositive literal clausehasinitial value0 andfinal value
1, atleastoneof the variablesin the clausemusthave initial valuel. Similarly, sinceeachnegative literal

clausehasinitial valuel andfinal valueO, atleastoneof thevariablesin the clausemusthave initial value
0. Nodea enablesachof thevariablenodeso have thefinal valuel.

Part 4. Thereductionis from PL-PE3SAT. We createthefollowing SDSS. For eachvariablez; € X, S
hasonenode(denotedby z;), 1 < i < n. For eachclausec; € C, S hastwo nodes(denotedoy ¢; andc;.),
1 < j < m. Thereis anedgebetweerc; andc;- for eachj, 1 < j < m. Furtherif the clausec; contains
positwve literalsz;,, z;, andz;,, thenthereareedgesbetweerc; andz;, for r = 1,2, 3. Thiscompleteshe
specificatiorfor theundirectedyraphof S. Notethatunderlyinggraphof theresultingSDSis planarsinceit
is obtainedfrom the (planar)bipartitegraphcorrespondingo the PL-PE3SAT instanceby simply attaching
anodec]; of degreel to eachclausenodec; (1 < j < m).

ThesymmetricBooleanfunctionsassociatewvith nodesareasfollows. For eachnodez; (1 < 7 < n) and
c;- (1 < 7 < m), theassociatedooleanfunctionis thelogical OR function. For thenodec; (1 < j < m),
theassociate@ooleanfunctiontakesonthevaluel if exactly oneof theinputsis 1; otherwisethefunction
valueis 0.

Thepermutationr for S'is (¢}, ¢, ..., ch,, ¢c1,¢2,- .., Cm, %1, T2, ..., Ty,). Therequiredfinal configura-
tion C hasvalueO for eachnodec;- (1 < j < m)andlfor all othernodes.

We now shaw thatthereis a configurationC’ suchthatS canreachthe configurationC in onetransition
from C' if andonly if the PL-PE3SAT instances satisfiable.

Supposeéhereis a satisfyingtruth assignmento the PL-PE3SAT instance.We constructthe following
configurationC’: For eachof thenodesc; andc); (1 < j < m), theinitial stateis setto 0. For eachnodex;
(1 <1 < n), theinitial stateis setto thetruth valuegiven by the satisfyingassignmento the PL-PE3SAT
instance.Using the permutationr, it is straightforvard to verify that startingfrom C’, S reache<’ in one
step.

Now, supposghereis a configurationC’ suchthatS canreachthe configurationC in onestep.We claim
thatC’' mustsetthe stateof eachnodec; andcg- (1 < j < m)to0. To seethis, suppose’ initializessome
nodec; (or c;.) to 1. Sincec;- appearsdeforec; in thepermutationwhenc; executesits valuewould become
1. Thisis acontradictionsinceC specifieghevalueof c;- to be0. Theclaimfollows.

In view of the claim, whenanodec; executesjts initial valueis 0. Therefore exactly oneof the nodes
correspondindo the variablesin clausec; mustbe setto 1 by C' sothatthe final value of ¢; becomesl.
In otherwords, the valuesassignedy C’ to the statesof the nodesz, z, ..., z, mustform a satisfying
assignmento the PL-PE3SAT. This completeghe proof of Part4 andalsothatof thetheorem. [

4.2 Polynomial Time Results

We now presenfpolynomialalgorithmsfor the PRE problemfor restrictedclasse®f SDSs.As will beseen,
wheneer the answerto a problemis “yes”, our algorithmscan also generatea feasiblesolutionwith the
desiredproperty

4.2.1 Resultsfor (FIELD, LINEAR)-SDSs

Theorem4.2 LetS bea (FIELD, LINEAR)-SDSswith n nodessud thatfor each ¢, 1 < i < n, thescalar
constanta;; usedin the expressionfor the local transitionfunction f; (Equation(1)) is nonzeo. For sud
a (FIELD, LINEAR)-SDSsthe answerto the PRE problemis always*“yes”. Moreover, for a givenfinal
configuation C, ther is a uniquepredecessoconfiguation C’, which canbefoundin timelinear in the size
of theunderlyinggraph.
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Proof: LetC = (b1, be, ..., b,) denotetherequiredfinal configuration.To solve the PRE problemfor S, we
associate variablez; with eachnodew; of S andconstructa systemof linear equationover the algebraic
field correspondindo S. This constructions donein sucha way thatary solutionto the systemof linear
equationgrovidesa solutionto the PRE problemfor S. Whenthe conditiona;; # 0 is satisfiedfor eachi,
we shav thattheresultingsystemof equationshasa uniquesolution.

To constructthe systemof linear equationsconsiderthe nodew;. Let N (i) denotethe setof neighbors
of v;. In N(3), letv;,, v4,, ..., v;, denotethe nodesthatprecedey; in the permutationandlet v;,, vj,, . . .,
vj, denotethe nodesthatfollow v; in the permutation.Using Equation(1), thelinearequatiorfor v;, where
thearithmeticoperationsarecarriedout over thefield correspondingo S, is the following:

T P
o; + aqir; + Z Gii, biq + Z @ij, Tj, = b;. (2)
q=1 q=1

Thereis one suchequationfor eachnodew;. It canbe verified that ary solutionto the abose systemof
equationsverthefield correspondingo S is a solutionto the PRE problem.

Theabove constructiorproduces: equationsn n. unknavns. Supposehatwe ervision thenodesbeing
enumerateth reverseorderof . Thenthen equationsrein triangularform, andsuchasystenmof equations
hasa uniquesolution.

Whennodew; is beingconsideredfor all nodesv; with j < ¢ (i.e., w(v;) > 7(v;)), theuniquevalue
C'(v;) hasalreadybeendetermined Thereforejn theequatiorfor determiningthe new valueof v;, theonly
unknawvn is C'(v;). Thisis becausehe othervaluesin the equationarefrom C for neighboringnodesbefore
v; in 7, thealreadycomputedvaluesfrom C’ for neighboringnodesafterv; in 7, andC(v;) itself. Sincethe
entrya;; is notzero,this equatiorhasa uniquesolution. [

For (FIELD, LINEAR)-SDSsthatdonotsatisfytheconditionmentionedn Theoren¥.2andfor (FIELD, LIN-
EAR)-SyDSsthelinearequationapproactcanbe usedto obtainanefficient algorithmto determinewhether
the PRE problemhasa solution. This is shavn in the next theorem.

Theorem4.3 ThePREDECESSOR EXISTENCE problemfor (FIELD, LINEAR)-SDSsand(FIELD, LINEAR)-
SyDSsanbesolvedin polynomialtime

Proof: Firstconsidera (FIELD, LINEAR)-SDS.Usingthe stepsmentionedn the proof of Theoremd.2, we
constructa systemof equations Whenoneor moreof the a;; entriesarezero,the resultingsystemmay not
have a solutionor may have multiple solutions.Sincethefeasibility of ary systemof linearequationsver a
field canbe determinedn polynomialtime [Von93, it follows thatthe PRE problemfor linear SDSscanbe
solvedin polynomialtime.

For (FIELD, LINEAR)-SyDS,sincethe nodesupdatetheir statessynchronouslythe form of linearequa-
tionsis slightly differentfrom the onegivenin Equation2. Using N'(7) to denotethe setconsistingof node
v; andits neighborstheequationfor nodew; in thecaseof a (FIELD, LINEAR)-SyDSis asfollows.

o; + Z QigTqg = b;. 3)
vg €N (1)
Again, thefeasibility of the setof linearequationsanbe determinedn polynomialtime. [

As mentionedearlief whenthe statevaluesare Boolean,XorR and XNOR arethe linear functionsover
thefield F, underadditionmodulo2. Thus,by Theorem4.2,for ary (BooL, {XOR, XNOR})-SDS,the PRE
problemhasa uniquesolutionwhich canbefoundefficiently.
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4.2.2 (BooL, Sym)-SDSswith Bounded Treewidth

Theorem4.4 Let S bea (BooL, Sym)-SDSwhoseunderlyinggraph hasboundedtreevidth. The PRE
problemfor S canbe solvedin polynomialtime

Proof: Let k bethetreevidth of the underlyinggraphG(V, E). It is well known thata treedecomposition
({Xi|i €I}, T = (I, F)) of G canbeconstructedn time thatis a polynomialin the sizeof G. Moreover,
thiscanbedonesothatT is abinarytree;thatis, eachnodeof T hasat mosttwo children[Bo88].

For agivennode: of thetreedecompositionywe referto the SDSnodesn X; asexplicit nodesof :. If a
givenexplicit nodeof 7 is alsoanexplicit nodeof the parentof ¢, we referto this nodeasaninherited node
of 4; andif it doesnot occurin the parentof 7, we referto it asanoriginating node of 5. We referto the set
of all explicit nodesoccurringin the subtreeof T' rootedat thatarenot explicit nodesof i ashidden nodes
of 4. (Thus,the hiddennodesof ¢ arethe union of the originatingandhiddennodesof the childrenof z.)

GiventheunderlyinggraphG(V, E) of S, the permutationr of Sandtwo disjoint subsets” and Z of
V', we definethesetN (Y, Z) asfollows.

N(Y, Z) is thesetof nodesw G suchthatfor eachnodey € Y, {w,y} € E, y precedesv in ,
andthereis nonodez € Z suchthat{w, z} € E andz precedes in 7.

Intuitively, N (Y, Z) is thesetof nodesw of G, notin Y, suchthatin atransitionof S, the old valueof w is
aninput parameteto the computatiorof the new valueof every nodein Y, but is notaninput parameteto
the computatiorof the new valueof ary of thenodesn Z.

Let C be the configurationspecifiedin the given instanceof the PRE problemfor S. Considera given
node: of thetreedecompositionSupposex is a given assignmenbf statevaluesto the explicit nodesof ¢
andg is agivenassignmenbf statevaluesto the hiddennodesof ;. We saythatthe combinedassignment
a U g is viable for i if for every hiddennodew of i, the evaluationof thelocal transitionfunction f,, gives
the valueC(w), usingthe value 5(w) for w, thevaluea U (u) for every neighboru of w thatfollows w
in 7, andthe valueC(u) for every neighboru of w thatprecedesv in 7. (Note thatthe definition of atree
decompositiorensureghatevery neighborof hiddennodew is eitheranexplicit node

We saythat the combinedassignmentx U § is strongly viable for i if the above condition holds for
every nodew thatis eitherahiddennodeor anoriginatingnodeof . (Thedefinitionof atreedecomposition
ensureshatevery neighborof anoriginatingnodeof 7 is eitheranexplicit nodeor a hiddennodeof :.)

For agivennode: of thetreedecompositionanda givenassignmeng to the statesof the hiddennodes
of 4, defineafunctionhg : 2Xi 3 N from thenonemptysubset®f X; to thesetN of naturalnumbersas
follows. For asubsely” of X;,

hg(Y') is thenumberof hiddennodesw of i suchthatw € N(Y, X; —Y) andf(w) = 1.

For agivennode: of thetreedecompositionanda givenassignmend to the statesof the explicit nodes
of i, definethesetH, to bethesetof functionsh from 2Xi — N suchthatthereexistsanassignmeng to
the statesof the hiddennodesof ¢ suchthata U g is viablefor i andh is hg.

Sincefor ary given andY’, themaximumpossiblevalueof h(Y') is thenumberof hiddennodesof ¢,
and|X;| < k (wherek is thetreawidth), anupperboundon |chal| is n?",

Note: Thefunctionhg could have beendefinedasa functionwhosedomainis the nonemptysubsetof X;.
However, includingtheemptyset( in thedomainof ks makesthefinal decisionattheroot nodeof thetree
decompositioreasierto describe.

We solve the PRE problemfor S by usingbottom-updynamicprogrammingon the decompositioriree.
For eachnode: of T', we computea tablewith an entryfor eachassignmentx to the statesof the explicit
nodesof ;. Thevalueof theentryfor eachsuchassignmend is thesetH,,. Wereferto thistableas.J;. Since
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thetreawidth k is a constantthe sizeof thetablefor eachnodeof the decompositiorireeis a polynomialin
n, thenumberof nodesof theunderlyinggraphG(V, E).

For a leaf node: of the decompositioriree, every entry H,, in the table consistsof the singlefunction
h thatmapsevery subsetX; into zero. Thus,the tablefor eachleaf nodeof the decompositiorireecanbe
computedn polynomialtime.

For anonleafnodei of thetreedecompositionthetablefor : canbecomputedn polynomialtime from
thetablesof its children. To facilitatethis computationyve utilize the following conceptsandnotation.

For a givennodei of thetreedecompositionletf(\i denotethe setof inheritednodesof . (Thus,f(\i C
X;.)

For a given node: of thetreedecomposﬂmnanda given as&gnmenﬁ to the statesof the orlgmatlng
nodesandthehiddennodesof i, deflneafunctlonhA 2Xi Nfromthenonemptysubsets)fX tothe

setN of naturalnumbersasfollows. For asubsetY of Xi,

EB(Y) is the numberof nodesw suchthatw is an originating or a hiddennodeof ¢, w €

N(Y,X; —Y) andB(w) =

Foraglven node; of thetreedecomposmonandaglvenaSS|gnmer‘rtlz to thestateof theinheritednodes
of 7, deflneHw to bethesetof functionsh 2%i —s NsuchthatthereeX|stsanaSS|gnmen,B to the statesof
theoriginatingandhiddennodesof 7 suchthaty U ﬂ is stronglyviablefor ; andh is hA

For eachnodes of thetreedecompositionywe deflneJ asatablewith anentryfor eachassignmerﬁb to
the statesof theinheritednodesof i. Thevalueof the entryfor eachsuchaSS|gnmenls the setH¢

For eachnodes of thetreedecompositiongiventable J;, thetabIeJ canbe constructedn polynomial
time. For eachassignmentx to X; andfunctionh in H,, considerthe assignmentr to bethe unionof an
assignment) to the statesof the inheritednodesof i, andan assignmenty to the statesof the originating
nodesof . In polynomialtime, we candeterminewhetherthe combinationof 4, v andh correspondso a
combinedassignmenthatis stronglyviablefor i. If so,we combiney andh to obtaina function’ thatwe
unioninto thefi entryfor ¢. By consideringeachsuchpair («, ) in J;, we canconstrucf]} in polynomial
time.

Considera non leaf nodes of the tree decomposition.Supposehat: hasonly onechild, saythe tree
decompositiomodei’. Given the table j;/ for 4/, the table .J; canbe constructedn polynomialtime, as
follows. Consideranassignmena to the statesof the explicit nodesof :. Lety denotetheprojectionof the
assignmenty on to X,, theinheritednodesof i'. Thenthe entryfor « in thetable J; for i is thesetHw in
theentryfor 1 in thetablefor JZI for 4+, with themodificationthatevery function# : 9Xs 5 Nin theset
H,/, is extendedo beafunctiong : 2% 4 N by settingg(Y") = 0 for every subset’” of X; thatcontains
atleastonemembernof X; — X;.

Now supposéahatnonleaf node: of thetreedecompositiorhastwo children,saynodesi’ and:” of the
treedecomposition.Thetablesf,v andfi” for treenodesi’ and:” arecombinedto producetable J; for ; as
follows. Considemnassignment to thestateof theexplicit nodesof ;. Let )’ andty” denotetheprojection
of assignmend ontotheinheritednodesof s/ andi” respectiely. Let everyfunctionh’ in fIW for nodei’ be

extendedo afunctiong’ : 2% N, andevery functionh’ in ﬁw,, for node:” beextendedo afunction

g’ oXi N; bothextensionsaredoneasdescribedabore. Definethefunctiong’ + g” : 2% 4 N
asfollows: (¢' + ¢”)(Y) = ¢'(Y) + ¢”(Y). Thus,theentryfor « in table J; for i is the setof all functions
(¢' + ¢”) thatcanbeconstructedn theabose manneifrom someh’ in wa from J; andh” in Hy» from T
Let r bethe root 1 nodeof the tree decomposition.The root nodehasno |nher|ted nodes,so X,
ConsequentlytabIeJ,n for the root noder consistof thesingleentry: ((Z),H@). SetH@ is nonemptylf and
only if thereexistsanassignmento the statesof all thenodesof SDSS thatis stronglyviablefor r, thatis,
if andonly if configurationC hasapredecessor [
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Appendix

4.3 PredecessoExistenceproblems
4.3.1 Easinesgesultsfor generalgraphs

An approachsimilar to that usedin the proof of Theorems4.2 and 4.3 can be usedto obtain polynomial
algorithmsfor the PRE problemfor otherrestrictedclasse®f SDSscharacterizethy specific(Boolean)ocal
transitionfunctions. Theideais to efficiently reducethe PRE problemfor suchSDSsto a polynomialtime
solvableversionof the Satisfiability(SAT) problemfor Booleanformulas.We now outlinethis reduction.

Let S denotethe given linear SDSandlet C = (b1, b, ..., b,) denotethe requiredfinal configuration,
with b; € {0,1}. To solve the PRE problemfor S, we associatea Booleanvariable z; with eachnode
v; of § andconstructaset7 = {T1,T5,...,T,} of terms,with termT; correspondindo nodew; of S.
To constructterm T;, considerthe nodewv; with local transitionfunction f;. Let N (i) denotethe setof
neighborsof v;. In N(3), letv;,, v;,, ..., v;, denotethe nodesthatprecedev; in the permutationandlet
Vj1, Vjy, - --» vj, denotethe nodesthat follow v; in the permutation. We first constructthe formula F; =
fi(@iy biyy iy, by, Ty Ty, - -y, ). I by = 1, thetermT; is F; itself; if b; = 0, thetermT; is F;. The
resultinginstanceof SAT is the conjunctionof thetermsin 7. It canbeverifiedthatthe PRE problemfor S
hasa solutionif andonly if theresultingSAT instancehasa solution.

We begin with somepreliminarydefinitions.Following SchaefefSc7§ we saythatalogicalrelationR
is weakly positive if R(z1, z2,...) islogically equivalentto someCNF formulahaving at mostonenegated
variablein eachconjunct. A logical relation R is weakly negative’ if R(x1,zs,...) is logically equialent
to someCNF formula having at mostone unneatedvariablein eachconjunct. A logical relation R is
affine if R(x1,zo,...) islogically equivalentto somesystemof linearequationver the two-elemenfield
Fy = {0,1}.

Theorem4.5 [Sc78 Let S be a finite setof finite arity Booleanrelationssud that one of the following
conditionholds: (i) Everyrelationin S is weaklypositive(ii) Everyrelationin S is weaklynegative (iii)
Everyrelationin S is affine ThenSAT(S) canbesolvedin polynomialtime Theresultholdsevenwhenwe
are allowedto haveconstantsasa part of theformula. [

Theorem 4.6 Whent is polynomialin |S|, thet-PRE, ¢-SuB-PRE, thet-SUB-RECUR andthet-TEMP-SEQ-
PRE problemscan be solvedeficiently for any of the following classesof SDSsor SyDSs:(BooL, OR)-
SDSgBooL, NOR)-SDSs(BooL, AND)-SDSs(BooL, NAND)-SDSs(BooL, X0OR)-SDSsandBoOL, XNOR)-
SDSs. [ ]

Proof sketch: Considerary oneof the problemsfor (BooL, OR)-SDSs. We shav thatthe transitionof a
singlenodew in onetime unit canbe representethy a weakly-ngative formula A, (¢,t + 1). Thenall the
above problemscanbesimply encodedasF = A, , A,(t,t+1). Someof thevariablesin theformulamight
be predeterminedlependingon the particularpro’blem. Usingthatfactthat F' is weakly-ngative formula
combinedwith theresultin Theorem4.6yieldsthe claimedresult. Theresultsfor (BooL, AND)-SDSsyield
weakly-positve formulawhile the problemsfor (BooL, X0R)-SDSsyieldaffine formulas. thusresultsin
Theorem4.6 canbe applieddirectly to completethe proof of thetheorem.thusin the restof the proof, we
shav how to represent onesteptransitionfor (BooL, OR)-SDSsas weakly-ngative formula.

Considera given nodew;, andits associatedariablez;,. Supposéhe local transitionfunction f; as-
sociatedwith w;, is OR. Let the neighborsof w;, bew;,, ... w;, with theassociatedariablesz;,,...z;, .
We will usex;?j 0 < j < k asavariableto denotethe stateof nodew;,; attime . Withoutlossof generality
assumehatthe nodesw;,, . .. w;, areupdatedoeforew;, andw;,  ,, ... w;, beupdatedafterw;,. Thenthe

"Suchclausesarealsoreferredto asHORN clauses.
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predecessoexistencequestioncan be equialently expressedas a conjunctionof Horn (weakly negative)
clausesasfollows:

t+1 _ (.t t , 1y, ...y it
z;, :(axiOVwiHlV---szka‘il \% V:E,L-T)

whichis equialentto

(a:t.“ — (a:;?O val  Veeeval valt! v---v;z:?“))/\((a:;?o vai  Veeval valt! v---Vm;?jl) —>:ct.+1)

0 Tr41 7 Tr4+1 0

Thefirstimplicationis rewritten as

_ o HL .y, ot t t t+1 t+1
Wi=w, "V Ve, V-V, Ve, V--- V™.

Thesecondmplicationis easilysimplified usingDeMorgans law as

Wy = (mﬁo Vv a:f()“) A (x;fm Vv xﬁjl) Ao A (xﬁk v;cgjl) A (x’?“ Vv xt*l) A< A (xt-;"l Vv x“l)
Both W; andW; areHorn (weakly negative) formulasNote that someof thea:fj ‘s areconstantsincetheir
valueshave beenpre-determined.

(Theprooffor NOR s similar) If thebit b; correspondingdo v; in thefinal configuratiorC is 1, thenthe
termcorrespondingo v; is the OR of acollectionof variablestheresultingtermcontainano negatediterals.
If thebit b; correspondingo v; in thefinal configuratiorC is 0, thenthetermfor v; is theNOR of acollection
of variables.By DeMormans law, the NOR of a collectionof variablesis equvalentto the conjunctionof
their negations;in this case,eachconjunctcontainsexactly one negatedliteral. Thus, by definition, each
resultingterm correspondso a weakly positive Booleanrelation. The reductionfor SyDSscanbe donein
ananalogousnanner [

4.3.2 TreewidthBoundedand DegreeBounded Graphs

In this section,we give polynomialalgorithmsfor the predecessoexistenceproblemswhenthe underlying
graphof the SDSis of boundedreavidth. To discusshis result,we needa definitionanda resultfrom the
literature.

GivenanundirectedgraphG(V, E), the square of G, denotedby G?(V, E?), is anundirectedgraphin
which thereis anedgebetweemodesu andv if andonly if thereis a pathconsistingof at mosttwo edges
betweenthe samepair of nodesin G. Thefollowing resultfrom the literature(seefor example[KMRO01])
aboutthetreevidth squaregraphsis usedin obtainingsomeof the polynomialtime algorithmsin this paper

Proposition4.1 LetG bea graphwith maximunrmodedegree A andtreewidth k. Thetreavidth of G? is at
mostA(k + 1) — 1. ]

Corollary 4.1 Let G be a graph whosemaximumnode degree and treavidth are both constants. The
treewidth of G? is alsoa constant. [

Definition 4.1 [HM+94] LetX = {z1,z9,...,z,} beasetof Boolearvariablesandlet 7= {11,T5, ..., T}
be a collectionof terms,where eat termis a Booleanfunctionof a subsebf the variablesin X. Thein-
teraction graph for 7 hasonenodefor ead variablein X; there is an edge betweerntwo nodesif the two
correspondingvariablesappeartogetherin sometermof 7.
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Theorem 4.7 [HM+94] LetX = {z1,z9,...,z,} beasetof Boolearvariablesandlet 7= {11, T, ..., Tpn}
be a collectionof terms,whee ead termis a Booleanfunctionof a subsebf the variablesin X. If thein-
teractiongraphof 7 hasboundedreewidth, thenthe SAT problemfor 7 canbe solvedin polynomialtime
[ ]

Theorem4.8 Let S be an SDSwhee ead local transitionfunctionis Booleanand the underlyinggraph
hasboundedreavidth andboundeddegree ThePRE problemfor S canbesolvedin polynomialtime

Proof: GivenSDSS andtherequiredfinal configuratiornC, we constructhesetof termsasdescribecearlier
The key obsenration aboutthis constructionis the following. The interactiongraphof the resultingsetof
termsis asubgraptof theunderlyinggraphof the SDS.Sincethelatterhasboundedreevidth by assumption,
theformerhasboundedreeavidth aswell. By Theorem4.7,the SAT problemfor the resultingsetof terms
canbesolvedin polynomialtime. Thus,the PRE problemfor SDSS canalsobesolvedin polynomialtime.
[ ]

We now briefly mentiona numberof extensionsof theabove result.

1. Wefirst notethattheresultof Theorem4.8 alsoextendsto SyDSs(finite CA). This follows by a straight-
forward modificationof the constructionof the setof linear equationsor the setof termsdescribedabore.
Theresultfor finite CA waspreviously obtainedby Sutner[Su93 who alsoshaved thatthe PRE problem
for finite 1-dimensionalCA with afixedneighborhoodadiusr canbe solvedin polynomialtime. Thelatter
resultalsofollows from the extensionof Theoremé4.8to SyDSssincel-dimensionalCA with neighborhood
radiusr give riseto graphsof treewidth at most2r + 1.

2. A secondextensionconcernghe countingproblemassociatedavith the PRE problem. Here,the goalis
to determinethe numberof predecessorsf a given configuration. Whenthe interactiongraphof a setof
Booleantermsis treawidth boundedit is known thatthe numberof satisfyingassignmentor thetermscan
alsobefoundin polynomialtime [SH96]. It follows thatfor SDSswhoseunderlyinggraphsare treewidth
boundedthe numberof predecessoref a given configurationcan be determinedn polynomialtime. A
simpleconsequencis thatfor suchSDSs the problemof determiningwhethera configuation hasa unique
predecessocanalsobesolvedin polynomialtime

3. Thet-PRrE problemfor SDSswhoseunderlyinggraphsaretreavidth boundedctanbesolvedin polynomial
timewhent = O(log n), wheren is the numberof nodes.This resultholdswith no restrictionson thelocal
transitionfunctionsexceptthatthey canbecomputedefficiently. To seethis, notethatwhenwe reducethet-
PRE problemfor atreavidth boundedSDSto SAT, thetreewidth of theresultinginteractiongraphis O(t- w),
wherew is the treevidth of the underlyinggraphof the SDS. The algorithmfor SAT whenthe interaction
graphhastreavidth ¢ runsin timen|D|°(@ [HM+94], wheren is thenumberof variablesand|D| is thesize
of the domainof statevalues.Sinceq = O(t - w) andw is fixed, we obtainpolynomialalgorithmsfor the
t-PRE problemfor treewidth boundedgraphsunderthe following two scenarios(i) whent = O(logn) and
|D| is aconstanor (ii) whent is aconstantand|D| is boundedby a polynomialin |S|.

4. Finally note that combiningthe ideasusedto prove Theorem4.6 and the above ideasfor treewvidth
boundedyraphswe canobtainpolynomialtime algorithmsfor the t-SuB-PRE, t-SUB-RECUR and¢-TEMP-
SEQ-PRE problemswheneither(i) ¢ = O(logn) and|D| is aconstanor (ii) whent is aconstan@and|D| is
boundedby a polynomialin |S|.

5 The PERMUTATION EXISTENCE Problem

5.1 NP-CompletenesfResults
Theorem5.1 ThePME problemis NP-completdor (BooL, ST)-SDSs.
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Recallthatin the generalizedrersionof the PME (GEN-PME) problem,thefinal configurationmay con-
tain don't carevalues.Our next theoremshaws thatthe GEN-PME problemis NP-completeevenfor simple
SDSs.

Theorem5.2 The GENERALIZED PERMUTATION EXISTENCE problemis NP-completefor ead of thefol-
lowing classesf SDSs.

1. (BooL, NOR)-SDSq(BooL, NAND)-SDSswhoseunderlyinggraphshavea maximunmodedegree
of 3.

2. (BooL, Sym)-SDSswhoseunderlyinggraphsare planat

Proof: The GEN-PME problemis obviously in NP. We establishNP-hardnesghrough reductionsfrom
restrictedversionsof SAT.

Part 1. Thereductionis from 3SAT-20ccuUR. The underlyinggraphof the SDS hasone nodefor each
literal and one nodefor eachclause. Thereis an edgebetweeneachclauseand the threeliteralsin that
clause.Thereis alsoanedgebetweenthetwo literals correspondingo a variable. Sinceeachliteral occurs
in atmosttwo clausesandeachclausehasonly threeliterals, the degreeof eachnodein theresultinggraph
is atmost3.

For eachclausenode,theinitial andfinal statevaluesareO. For eachliteral node,theinitial statevalue
is 0 andthefinal statevalueis don't care.

We now argue that the GEN-PME problemhasa solutionif andonly if the given instanceof 3SAT-
20CCUR hasa solution. Supposéhereis a satisfyingassignmentWe choosethe final value 1 for all true
literals and the final value O for all falseliterals. The permutationis obtainedby first having all the true
literals (in anarbitraryorder)followed by the othernodes(alsoin anarbitraryorder). It canbe verified that
the nodesreachthe specifiedfinal values.For the cornverse,supposehereis a permutationthatmakeseach
clausenodehave thefinal value0. Sincethereis anedgebetweerthetwo literalscorrespondingo avariable,
andeachnodefunctionis NOR, at mostoneof thetwo literalscanhave afinal valueof 1. Sinceeachclause
nodegoesfrom 0 to 0, atthe time the clausenodeis evaluated atleastoneof theliteralsin the clausemust
have thevaluel. In otherwords,eachclausecanbe satisfied.

Part 2. Theproofis alongthe sameinesasthatof Part 1 usinga dualagument.

Part 3: We useareductionfrom the PL-PE3SAT problem.Givenaninstanceof PL-PE3SAT with variable
setX andclauseset(C, we createthefollowing partial SDSS. For eachvariablez; € X, S hastwo nodes
(denotedby z; andz}), 1 < i < n. Foreachclausec; € C, S hasonenode(denotedby ¢;), 1 < j < m.
Thereis anedgebetweent; andx; for eachi, 1 <4 < n. Further If the clausec; containspositie literals
zj,, T;, andz;,, thenthereis anedgebetweenz;, andc; for r = 1,2,3. This completeghe specification
for theundirectedgraphof S. Notethatunderlyinggraphof theresultingSDSis planarsinceit is obtained
from the (planar)bipartitegraphcorrespondindo the PL-PE3SAT instanceby simply attachinga nodexz!
of degreel to eachvariablenodez; (1 < i < n).

The Booleanfunctionsassociatedvith eachnodeareasfollows. For eachnodezx; and:cg 1 <1< n),
theassociatedooleanfunctionis the NOR function. For thenodec; (1 < j < m), theassociate®oolean
functiontakesonthevaluel if exactly oneof theinputsis 1; otherwisethefunctionvalueis 0.

Theinitial configurationC’ assignghevalue0 to eachnode.Thefinal configurationC requireseachnode
¢; (1 < j < m)tohavethevaluel,; thevaluesfor every othernodeis “don’t care”.

This completesghespecificatiorof of thepartial SDSS. We now shaw thatthereis apermutationr such
thatS canreachoneof thefinal configurationspecifiedby C in onetransitionif andonly if the PL-PE3SAT
instances satisfiable.

Supposeéhereis a satisfyingtruth assignmento the PL-PE3SAT instance.We constructthe following
permutationr for S. Thefirst 2n entriesof 7 specifythe orderfor thenodesz; andz} (1 < ¢ < n). If the
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satisfyingtruth assignmensetsz; to 1, thenw putsz; aheadf z}; otherwises putsz), aheadf z;. Thelast
m entriesof w arecy, c2, . . ., ¢ It canbeverifiedthatwhenthe SDSexecutesonestepin theorderspecified
by 7, the final value of z; is identicalto the value given by the satisfyingassignment.As a consequence,
whenthe nodescorrespondingo the clausesxecute eachof themhasafinal valueof 1. Thisis in the setof
allowablefinal configurationspecifiedby C. Thus, is avalid solutionto the constructedyeneralizedPME
instance.

Now, supposehereis a permutationr for S suchthat S, startingfrom C’, reachesone of the final
configurationspecifiedby C in onestep.We carryoutthis stepof S usingw andclaim thatthefinal values
assignedo thezx1, zs, . . ., z, give anexactly 1-in-3 satisfyingassignmento the PL-PE3SAT instance.To
seethis, assumehatsomeclausec; is not satisfiedin anexactly 1-in-3 fashion.Let z;,, z;, andz;, denote
thethreevariablesappearingn c;. Sincethefinal valueof nodec; is 1, whennodec; wasexecuted exactly
oneof z;,, z;, andz;, wasl. Withoutlossof generality supposer;, wasl andtheothertwo nodesvere0
whenc; executed Now, in thefinal stateif z;, is alsol, thenz;, musthave executedafterc;. However, node
c; with valuelis oneof theinputsto z;,. So,if z;, executesafterc;, thenz;, wouldbesetto 0, contradicting
ourassumptiorthatthefinal valueof «;,. Thereforegachclauseof the PL-PE3SAT is satisfiedn anexactly
1-in-3fashion.This completeghe proof of thetheorem. [

5.2 Polynomial Algorithms

Theorem 5.3 Thegenerlized PME problemcan be solvedin polynomialtime for (BooL, OR)-SDSsand
(BooL, AND)-SDSs.

Proof sketch: We presentheprooffor (BooL, OR)-SDSs.A prooffor (BooL, AND)-SDSscanbeobtained
by adualagument.

Considera (BooL, OR)-SDSS. If thereis ary nodethatgoesfrom 1 in theinitial configurationto 0 in
the final configuration,stopandoutputNO. Similarly, if thereis ary nodethatgoesfrom 0 to 0 andhasa
neighborwhoseinitial valueis 1, stopandoutputNO. Changethe final stateto 1 for every nodethatgoes
from 1 to dont care.Definea nodeto be a stable-Qif its initial andfinal valuesareboth0. Definea nodeto
be a stable-1if its initial andfinal valuesareboth 1. Definea givennodeto be a viable-1nodeif its initial
valueis 0, its final valueis either 1 or dont care,andthereexists a pathof zeroor moreviable-1 nodes
connectingthe given nodeto a stable-1node. (Computationallythis canbe computedoy startingfrom the
stable-1nodes,andidentifying viable-1nodesasa nodewhoseinitial valueis 0, final valueis either1 or
dont care,andis adjacento eithera stable-Inodeor anodethathasbeendeterminedo beaviable-1node.)

If thereis ary nodewhoseinitial valueis 0, final valueis 1, andis not a viable-1node,thenstopand
outputNO, otherwise putputYES.

If the algorithmoutputs“yes”, the permutationcanbe determinedasfollows. First,thedont caresare
resohed. All nodeswvhoseinitial valueis 0, final valueis don't care,andareaviable-1,have theirfinal value
changedo 1. All nodeswhoseinitial valueis 0, final valueis don't care,andarenot a viable-1,have their
final valuechangedo 0.

The permutatiorfirst hasall the nodeswith final value0. Thenit hasall the stable-1Inodes.Thenit has
theviable-1nodes,n the orderof their minimumdistancerom the setof stable-1nodeswheredistances
determinedisingthe subgraplof nodeswhosefinal valueis 1. [

Thefollowing resultshavs thatfor (BooL, NoR)-SDSsand(BooL, NAND)-SDSs,the PME problem
(without don't carevalues)can be solved in polynomialtime. This resultbrings out the contrastin the
compl«ity of GEN-PME andPME problemsfor (BooL, NOR)-SDSsand(BooL, NAND)-SDSs.

Theorem 5.4 ThePME problemfor (BooL, NOR)-SDSsand (BooL, NAND)-SDSscanbesolvedin linear
time
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